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~o Introduction

This paper is concerned with nilpotent groups of

class ~ n for some fixed n ?- 2 ~ In particular t we investigate

the generic models that arise from finite and infinite forcing.

The notation used is taken from Shoenfield and Hirschfeld

& ~'fheelere In addition, the usual group theoretical con-

verrt t ons wf lI be made, such as writing exponents for repeated

mu.Ltipl Lcat Lon , Also t it is assumed that no variables b ecome

bound in substitution.

The chief results of this paper are that finitely generic

nilpotent groups are periodic, and that the theory of first

order number theory is 'I'ur Lng reducible to infinite forcing

companion for nilpotent grOl~)s of class ~ 11 (:for n '-;:2) e-

These results are not the best possible~ as discussed in

and § 1_~., Marry of the ideas come from Saracino ~ who shows the

following results:

(1) There is a periodic finitely generic nilpotent group

of class n for each TI6

(2) He :Einds thefoymula
(~) rJ(~)' .,- 'c· . -. - ..~ b,G 1S per10QICl~ G IS fInItely generlc~

(}l) 'I'he theory of nil pot errt group s of cIass ~ n has

no model cornp ani on ,

I wi sh to thank Saracino for sending me reprints and

Charles F. Miller, my adviser, for suggesting the topie and

making several helpful suggestions.



Let L b e the language wit h symb oLs •., 1, and -t. Let

the conmut.at.or- [a~ b J be an abbreviation for a-1. b-1 ~ a 6 b e

Iterated commutators [xl' .,e ••, xm] are clefined by induction
on ill:

Let T (n ~ 1) be the (first-orcler) theory 'ii th language Ln

and axioms:
"~ ~ 1 == X.Llo..

-1 1x •. x ==

(x " y) • z == x • (y • z )

'I'he models of T are called nilpotent groups of class ~ n.n

direct nroduct of models of T is~ , n a model of rn' so Tn
has the joint embedding property~

Let G be a n.iLpo t.errt group of class n , The Im-B r central

series of G is defined as follows:

1rr. -, .
.J lS the subgroup of G generated by ~[Xl'

G·.~ =
K

~7
U' S •.

E' G \ G
-r

fZn_lc+1J

The upper central series is defined by

It is no+ .irnmedia't e that G1- is a group~
_\.

F:coof In other words, if ill = n-k+l, this says that if

a E ~ then',Tn_m+1. ~



This can be proved by induction on m~ If ill :::::O~ then
a E. G :;::n+1

i1
t so xa y == xy •• Assume the above holds

for ill'.. Then for a £ G ( 1) 1 :;::G t and x., v, z ~n- m+ + n-m ~:1. ...

let

b ::: r a x-1Z 'K' 1L' ~t .<. J

Then b E Gn_m+1 and
~.:t -1 -1..•...x z xau.: 1 ","lro..<.

Thus

::: [xv , z1 1f •.• ' '" Zn'-'-·l ]•• -. ~ 1• .1..

'IThis cOI!.lpletes the induction~ !
Theorem 2

(i ) and G, areor~, no rma.t subgroups of G

( '\ ,..1 .-, r::2 -7 -:) cn+1 < t
-i

ii l G •.. u ~ '.T :;::... ., e "' .-' T ::: i ~
j

( ... '\ ~
~

-I

G l\ r: .? :"2 G 1~J.],l) '.- ;~ u2 ."'-- e ., e ==n-it. '- j

(v) t.h e cent cr. of G

(vi)
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Immediate, except for (vii)t which is postponed to Theorem 7(iv) ../1
To shoW" that the above definition of the upper central

series coincides 1·rith the usual one , note that for any x Eo:. G,

iff [x , Z" t1.

i:ff

iff V z1 XZ1:= z1x modulo Gk+1

iff xGk+1 E. Z(G/Gk+1)

This last line is the usual definition~
x . -1Let y be de r ined as x yx , The f'o.l Low i ng easily verified

identities are extremely useful~

.Theorem 3

(1·) [Y~_~'Jl [ J~1 L· -1 JX0' r... := X f Y - X , Y

(ii) [x,yJz _ [XZ,yz]
(iii) [A"y,Z] := [xjz]Y[y,zJ := [X,~][X1,,~~yJ[y~zJ

(iv)
(v)

Theorem 4. •. Z 1 ~~ G. then'n-n: '

P:roof If m := n-k, the theorem can be restated as:

if [1 E:. G .
11~li1'

then

The proof is by induction on me If ill = O~ this is trivial,

SO a.ssu..me that f.t. .i s true "for m a.ti.d



- ""-
t.e t

so c and

then

[abrZ11 u., "zm+1J :::[[ab,z1Lz2' .,.,., ,zm+1J
- [(b-1[afZ1]b[b'Zl])'Z21 ~0 •• zm+1J by Theorem 3

::::[(c[a~zlJb-lb[b,z1J),z2' ~8.tZm+1J

::: [([atz1][b!lz1JLz2' H" ~zm+1J by Lemma 1

by induction
hypothesis

/'This completes the induction. IIbecause [a. Z11 G G• ~ n-on '

Corollary 5----~ If a ,£ Gk and m E: 1:~ then

[ill J [a .z:tt "•.•. ~Z k ::: a~zi~• " , n·- I'"t, "'.. ~ z ,
< n-u:-

Co r-oLk a'rv' 6---~~-
rr,.,.

-. LLP-'-t ~
J,

the group generated by

Let [AwB •.C]
, '(

B~ c E.. C .> "

Let A~ n~ RD,d C 'be normal subgroups of G.,

For any x :is normal
in G· •.

(i) [A,B. J = [n,A]
( .ii) I' '\ DC] :::: [' D " cl

.L Lr'$JJ,,'/ LJ.J},n1/.J

( . [r, .'I ('" -. I ') ,.iv ) L /,\. ~,B -' ~ '-' ,J .... L A 2 L , C J
(v)

k L "$ ,1,~

(
',' YT.> .• _ I r·h r,l.r - L __r r V,.J



Proof Part (ij) f'oL'lows from the identity

and the fact that for subgroups K and Nt w it.h X normal,
KN ::: we is the group generated by KUN~ Part (iii) f'o Ll.ows

from Theorem 3(V) and similar reasoning., For part (iv),.
it is clear that [A,B,C] C [[A,BJ,CJ~ The reverse inclusion
follows fro ill part (' '\l.lj and the identity

[[a,b] x,c]
Part (v) is similara 1/

Theorem 8

(i) [Gk ~Gn_1c+1] == 1

(ii) [Gk G G-J-:::1
~ n~·k'

Proof Botl1 parts can be proved simultaneonsly~ by

induction on 1(" If k ::: 1~ [Gl~.G ,_ 1-1 ::: rGrZ(G)] ::: 1. and. . n-h+- ~. -

[Gk G· G··] -- [G r: G] - IG- r;. 1~-1 ;;:: 1 Su.pp ose the, n-k' .. - ;r~Jn._::i.'· ,- L n.~1t~f'T~ G -1" 1

theorem is t r-ue for k , ThBl1

:::::1

:= 1 1/
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Foy this section, let G be an existentially complete

n:il})otentgroup of class n~ Let Infk(b) be the formula

(1!"-1~< n ) V y( V x( [x, v l :::

Theorem 1 If b f: Gk1 then b has Lnf in it e order mo d'd0

G iff G 1,= InfJr(b)~k+l ....
Proof Suppose b £ G1{ has infinite order modulo Gk+1.>

Let

H-G~i-<y x)- ./._:l~ Qt;e 'n-k

Hi :::H/Hll+1

Note that any map from ~Xl~ •.••.tXn_k~ to G extends to a
homomorphism from H to G., This homomorphism is the identity

so it induces a homomorphism from Hi to G. By COl1-

s Ld e r-Lng the homomorphism de t e rm Lned 'by x:i~---'>-:L~ we see that
n_'--'1GnH ..1.::: Thus G can be considered a subgroup of Hi@

Suppose

in Hi' where y C Z(G). ~ota +11~·t l-~o ~ - 1 ~ g(G\.P;_ .v "d. a J ~ .---... ~ e.." •~.. 1 J C:'J I ••-..l • 11.-,,(

Since the map X~L 1--11 induces the identity homomo r-pb.Lsm on G~

Thus

or,



By the homomorphism induced by x.
]

it f'o l.Lows

that

infinite order modulo Gl~ :1' so m)..+ -

G n < y~l[b~Xp Ii>"., ,xu_h) > ;;::::1'hu8

::::0 and a :;::1..

'I'h en G ]8 embedded in H2 and

so
= fT, Z'Y LJ.J'~1!i

L

C 1 ' m ~'!_ • 1. 'h c, Gk- whe r-e m ~,,~0,.onvers e Yt suppos e 0 f u, ' , ,_ '" ,- ,. •. L ~ -
i\..T

Then i-I" G \-.. Lnf (h)•.!..,..L X ,-- . ~ ,j~k J..:J ~

GP\/Y£ Z(G)

G ~:~ \j v r: Z(G)
I ~ '" c

G \=- ~! (~- p(e)-I :l .!.J ..•. ,)"
V

G i \./ Y ,.-' rr ( (' )r: It = L1 \.A-'
I

G \.-: v c '7le)." ,'-' \, .r

t.hen

J Z:l.' ,_\

~ Z 'I11--- .tJ:

ill
Y 1mze '" •• ') n_1;;:.J

mv
In}:" - 1

d commu t a.t ()J.'-' e

{ r,.. J1Il.j.. . \
.X '.- 1 I
ii rl r / 1/

f'a.o t , c ..leu! of

(a-i)-fold cornnrntator b of infi to ordcr modulo Z(H). StlJ)P080

x H), b ~ (G x H)n_1 and b juf
r,) ..•...., (7.,.no... '..,' ',"!'10t··'.!·I ..·.·.·.:. , .., '7 t a 'F n) - (,~ v TIl

, - i.,~." ~._ .•• ;.. .••..~) ~'....J" ·,..t,,~ J..l ,._0 \. U ~-'.'h ~._! ..•-r C
Ii.

By the proof of Theorem 1,



"-0-'

Since b is an (n-J)-fold commuta.tor,

,2 n
But G is existentially completet so

r: h: J'-' \ ..J z1' ~.,e ,zn

and thus a is an n-fold cOl!lTTIUt at.or •.

(a

~I

."", ~z ])n

Pl~opositiop...l Z( G) is an exi sterrt La'l Ly complete

ab e1ian group •.

Proof It is nec essa.ry to show that Z( G) is divisible)

and contains infinitely many elements of all orders., To

show that 2(G) has an element of order ill, let H be a nilpotent

group of class n which contains an n-fold commutator of order m ••

Then
G x H \= ] x., ~ •.t' e ) X ,-.... r~

& [ xp e G" ,xn]2 f=

([Xi' x ] ../.
1e f)., , n .,-

1 .9.. 0,,, e. '"' fI. (x

so G also contains such an eLemerrt, '1'0 SrH.H! dLvisLb Ll.Lt.y ,

suppose aE Z(G) has infinite order. LotH be the direct

product, 0:[ G 1'i'ith £~ w i.th <a> amalgamated 1·,tthmZ" Then

so G also has mth roots of at for all m~ If a has finite

order, the proof is similar~ /1

._--)
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Let Po \I' ( b • c ) bet h e f 0 rrnu 1an' r

3" c ::: [z, Y2 • ".. • Y J'),-.. ,. n

This definition is motivated by the following theorem:

'I'he or-em 4 If b

is an integer ill such that c ::=

Proof Corrs Ldez- first the case where 1 :S k < n , Suppose

C -- l)m In,'OC1t1.110 G."I-...!-1~ Fo r ""lTr Y X r' G~
-- ~~.. ~ Ch_j ~~1' "".. f ~ n-k+1 C r

= L-·om(~,,)-mc).v1· J,~~ , ~"e , X k' 1n- -...

= fbm x x ]
L ,," l' e &" , n-l~+1

::= 1

x ] - 1 'then, 1J..~k

::: [b Ij x, ;
. l'

= t

Corrve.rs eLy ~_SllPP{)SE! r:. il= P 0.,,7 (1') c )~ A 11",__ ••. ,.......,

.!>.
and for each integer ill,

let 1 be the least positive integer such
that there is an integer 'J( w.it h

:mouulo
Let a be an element of Lhe cerrt er or order 1."

ar c done; if no such 1 any element
other than 1 •. be the free group on

Let



Suppo s e

Since K is central in TIt there are integers co{ (3~ , such that

The nomomo.rpnLsm determined by lli ~->1 is the identity on Gs so
a[ JC\ -'(J r

x - b ~u:t t; ., •• e J un_Ie a' L C t 111 t ""' ••.

-Pc l'" [== a' b 1U1w ",. ~ ,u'n l~J c ~uj.~ .,.,,,.j. t:8...D.,. _

== a ~ f [b 0< 1111 QJ t ii OJ ii ~Un._kJ [ c P, 111~' .•"., ~lln_k]
-f> [b 0\ c~.- a ~u:1l' 6' ". 0 ,.U 1 ]n-K
_. (1 [b C\

'1
wl~ ,1J== a cl £l. tl e

~[3
== a

Thus ['b 0' c~ 6 $"~,> ~11 ,.,.J ==n~··_n. By the homomo rphd sm determined
It follows that 1

and G can be

considered to 11e embedded in H/K~ Si..TIce

it f olLows that

G .\== ( [b f 1.1..• f ., ~.' ,U 1 ] '= 1 & [c 1U1 '
.l TI-.,(

for If
r1 •

z ::;:';Y1'" then lH~ clearly hav e G i= Pov1 (Yl?Z) and

mc - "b

::: r-vL., 1 'i

.,a, ~ G ~ d E G0
o .i..l ~
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b :::: [a-t ~
.L

,
Q a ..)'. n

so

[a1
m ~anJc ;:::; ta2_ ~ '" i.

[at ~ ta
,m

.- t:I •• & nJ
m II== b

Note that POWk(b,c) for k < n does not exactly characterize

being a power of b •..since we could helv-e G t=: Pow fl) c). \ k \. ~.....c

without b necessarily eonunut Lng Hi t11 c ~ Let Div( u , v) 1)8 the

f0rmu 1a

(u := [xifl "" ••

tXn_iJ?z)

- fx'
- L it

..,
~X 1roY i1'. n.....~ .,...l

::::1))

iff the order of u divides the order of v~

Proof Let k be the order of u and let 1 be the order of

v , Let H 'be a nl Lpo t errt gr ou p of class nwith an. (TI<-1)-~foJ.d

* a, ~j ] of inf.i.:njt e order modulo Z(1:1)..
J.."l'''''' _~,

K be em ex.i st orrt La.I compI et Lon of G x lib

and yare both :u,-iold oormnut.at.c r s by Theorem 2~
\

'Thus K F'

u -, [at ~ " e, e

v [~t i~ .. ~ ,.

~ >1 I~~-n~i ;.<''1 ..1.

a .v-j~ :n,--..,i~:l..i

J{ \---_.

G
\
1'·-r-

-,
( rx• c- .' X -j Y 13 --9 n .J L··- i ,

~. ':\ :l ( C! - r",.' e o !i' •••.:.... L -'-:1. s1, 11

l:~l!' ,;,.(. ~y J )



G sueh that

u -- eXt -o- ]
1

., C,;. f-' ~"""1.,

V = [Xl" .. " ., :>xn_l~yJ
[ -,

For any z E. G~ if zrY J :;:: 1 and

mod Z(G)
then

Jill ]"'•.•' ~~;;:~ ~;y~ n-..l..

:::1

Thus l\m and

[ZfX:nJ [[Xi t -,F' X 1- .} o e
X ,.l

f n-1., n-
::: [ ~r 1mA1 , e e ., ~X J, n

m
::: U

But 1(\m :.<
~i"t

so u'" ,.- 1.,

eX ~ y <::: G.. n-

such ..x 't< YJ. and" il-. " -

1 --- 7 r '7 '!- ] ,1 \
- - L.~ ~-''"n --..L J 0

[ z ~vl - [[:X::p

- L:x11
1- v
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:t = [z ~X'J.J. J.

1= u
and thus k divides l~ II

Le+ De~~o(l ba t·Ile I~o:r-mJl1~,.' 1I J. .~.3. <It '-' ~ •.•-~ \-Ill
V

Lu~z.", ~" •. ~Z~" 1~"1J == 1)"--» \ Tnfk(u)) •..L ' 1J.' =. )...r:

.!2:0;e.os.i:t.iol1-& G \=' Periodk if:f G1/Gk+1 is periodic •.

Proof The formula Per Lod.; is e.qui.va.I errt to
A

\! u (u E. Gk .-) '1 Infk(u)

The result follows f'r-om Theorem 1.. / I



§ '7 l'i'-i n.it eLv Gene r i c "\TJ'lno.L ent.-1 ..:... ~ ~". _1' •••.•1. __ ls~_ j-_ l·....;_ 1,...<r.-. ••• ~ . __

1ife cons ic1er finite forc:i.ng for the theory of nilpotent

groups of class n in this section.

LC111ma 1 I:f P is a finite corid.Lt Lon, then p has a

:finite model •.

Proof ,e m be the constants occu.r r i.ng in

in 13., Let G be a model of ~; lJ p~ and let H be the subgr-oupn
of G generated by By a theorem of p~ Hall,

finitely generated nilpotent groups are residually finite, it

fo110'1i8 that H has a finite quotient group that satisfies p~ / I
Pr onos t t.Lon 2 TIH~reexists a pET iodic f'Ln.i te ly generic_._--------

nilpotent group H of class n~

Pr'o o f be a co'urrt ab I e set of

constant of constant symbolsr and let

enumer-a.t a on of d e f Ln e a

or cond.t ta ons as f'o Ll ows , Let P'1.'-
been de:ftned" forces I A, • 1 et, n'

such that. 1)"- ..•. ;:,.11

tor S OuH? m , n has a model ofj~2:n

.in Let
:-= Y) l/~2n

}

--1~,
,;

C()11S~tS t. errt , f{l:r 'I'h i s

c i r:
,1f1if'--O
) \..l. " "i --'':C n
t.....! ...•.~.

for some n1 18 (finitely) generics
)

D..l1d. ,t I1f:'1"'e::1'o.r e g encr-at e s [1. (:1':5,:o:i."t. eLy ) [!.(~llf}ri c r:1O del. IT & F">C.,Te r y



emerrt of G is IHuneo ny a constant Ln C, and therefore has

finite order~ Thus H is periodic. II
'\ r

\~"' \:- \_l~)\)

Proof Suppose, to the cont.r ar-y , that for some CJ E C~

and some condition p.,

vs : 11

Lemma 1, there :18 au m » 0 such that

'v' / \' {'1 illIJ ~ 1'""'1 :::C .
.7
1(

"
is a condition. Let dl, ••~ ,dn be new constants, and let

Then there is an extension

for some constants C0,•... ., .•~ .C .•., n'

D2 1\-- r dl• @ '... ~ d l ::= [C1,~: \j I... .¥ '~ J 11.... II

But , in any model of P2

== 1

wh Lch is a contradiction" //
Theorem l~ If G is a finitely generic nilpotent group

of class n, G is periodic.

Proof Let H be the periodic group of Theorem 2. Since

Tn has the joint embedd ing property J T f
n is complete, so (x

js elementarily equivalent to B-3

t.,.re -.'t'.irst ~,:hnq ~'lh...(~+,G /0 J'~ ~orioc1·I.·c· fo'- ~ < k < n
J." - __ -v" V '-'. "1(' "'};,:+ 1 .c» 1- 'C •. - 1, .,.E. J..'-_'" ••
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Next we show that fl ( c) - G IG :18 periodic~ If••~.1 \ (.7. n-·n.: 1.1 .•. 'f" •.

a ..' Z(G) then by Proposition C) <) a is of the form!;::
!' ••••• 4!' ••.•.•• ~

is periodic, there is an m > 0

:::::Z(G)" , ill [Tnus a :=: Cl1t

a has finite order.

Suppose C EO G.. By induction on k , 1;'0 will show that

1- k t1' 0 h' 1 + em Gf'o r eaCd n.er-e 15 an m:> sue ~ t.na't E..., •.
1:(

If l~:::::1,

1--11) can 1at m ::: 1.. If em E. Gk

is periodic, there is an mt >
(m ~ 0), then since

o such that

This completes the inductioD1 so there is an ill > 0 such that
G 1:::n-L Thus G is periodic0 II
Since '1\1 Ls finitely ax i oma'tLzcd , it is

is Turing r-educ ibLe to ThOV., There is sorne reason to believe
, :fthat: Tn is in f act Turing equivalent to Th('i\.) l' for n > 1",

In attmnpting to show this. we have tried to define arithmetic

in finitely goneric nilpotent groups of class DB One possible
strategy wouI d be to f.rrt erpr-et a positive integer m as an

m. This equivalence class is nonempty by Proposition 2.3.

Div(a,b) & D~v(b,a). However~ the difficulty with this

method ItHs~Yith det:ini:ng addit .i on and muI.:t LpI Lcat Lon , J~ llob·-

::inS;;)H has shown that ai.lditJon and. mu It .i.pILcat ion :3.1'e definable
in terms 0:1' d.lv.i s Lnab Le :i:n terms of di.v'i.sLbL'lL't y and the

S{lCC cs s or furrct :i. Ct:r12, but -r,lle aut.no r 11[.lS b eel} un ab 1B t 0 def i ne



F tJ· ti 1 t'or' .DS sec- :J.on,...8 G be an Lnf Lnf t eLy generic n iL«

potent group of class u",
i., '1.!:r~'p,osit)-.o1';1. G\-- j xi ~ "'". xk Infk( [xi" u., ,xkJ)

F~ Since Tn has the joint embedding property~ Tn

is complete~ so we may talce G to be existEmtially universal"
m'l . st L • a1 t.yp e \ I -e- . x.1..1eexa s errc ae v l J J>"k+1 ~ .,,,,, » n-Jc

m ;;::1,2,3S11 .,,,.,} is cons Lst.errt , because it is satisfied by

any nilpotent group of class 11 having an n-:fold commutator
of infinite order~ By Corollary 1,,6 and Theorem 2<>1~ an

existentially complete nilpotent group satisfies 3 Xl' v"" ~xk

Ini"li:([x1t c.'"" ~XkJ) iff it satisfies the above existential

typc5 Since G satisfies this type. the proof is complete~ 1/
Let Free(a~b) be the :formula (a :=:

~Xn_.1J & In:f _;(a) &,~-- r~·-._t..
\-! v (now (a ..•;r) .--..:;, \1 Z ( Lrv , z1 = 1)
'f.J \...L n~'1'~~..,... \! ~./,_

'1- .,. 1:-.1 J .;',
f_.YSrJ.lJ i- ..t)(jJ For the rest of this section, let a,b, and c

1)0 elements of G such that G \:":-:Pr ee (a~.·b) & c = [a~b ] .• This

as sumpt Lon is justified by the next pr opos Lt Lon •.
Pro·posit.;ion 2~,,.........~,~-.!'-""-"~~~

By Pr-opo s i. t:i.on 1 ~ G has an (n~~17·fold commutator a wh.i ch has

infini·te order modulo the center of G. G satisfies the existential
'. m t- -I \ .A -..)...,' "/,Xl . 't71 __ ~~ ... ) 5~m' - .•.. \ ,_u·- ..'.~'-~-; •.'."

I

so Z(G) has an element c of infinite ordaru By Theorem 2~1t
a in G such t.hat [a~ b J = C& r r Y m== a

then eIther m :::;:O~ in whi ch case y ,::::,Z(G):r fir m f- O~ in which



Pr onos it.Lon 3"..,....._~t;.._...,_........--.;...
J~ ] k t '1 f\.0' ""l.. ,.a a 0(t )

(2)

k -, 1_ t 1 fa oJ'a).\. b

1~1 -m:: a u C

:: a1r., ak'blc-k'l , 1t
" j)

since c (: Z(G)

[ lr 1. kIlt]a b "a b ==
' r: r 1 y 1_ 1 -1 k 1 k r 1 t(an. 1;'" aAb) (a "b a ~ b~ )

::: (a k f .!- kh1 t +1c - kl ' ) -1 ( a kr-k eb]. +1 f c -1:t 1 )

klv-kfl:;::c II
is isomorphic to the free nilpoteut

group of class 2 and rank 2.,
Proof Since a has infinite order~

Also~t'o:r any III -I-

hence band [a2ib] have :infin:l e crdei~" If then
ev e.ry element of <a~b > can be uniquely lvTitten in the form

1_ ~l .:t-:-;

a.,n,'h' ,.,HI· fo''''''~ .f'-r..J 1):...... f! A .Ji,..J_ then

1·-1~:::C

1 = :t f

Also



:l :::

::::

:=

:::

Finally
k--k t. 1~1? m-m '1 - a b c
m-rut:;::C

so m == mt because c has infinite order", This completes the
can be wrI tt en as a matrix group by the

correspond.ence

1

1

o

r- ""' \' -I
\:1. 0 0\ I 1 0 1!
10 1( ! i

b == 1 c ::: i 0 1 01 IIlo I I
I

1j0 1J , 0 0i..

f o rnru La

]x 3y (P(Y{i{n._:1.(a~x) & :pol'l1(b9y) tic [xtbJ .- u &.

I .., r"1 \
L8,YJ ::: V &. LXtY~ - wJ

iff k e 1 :::mJ).'1:01)OsJ·tit)Jl~ 5
UlO'__ ""'..,......:a ~!'W

]?:r~)oi'~~~..•........-.-
I

~,K and -e r-......... ~\..... J

lx, D'I r lc 'l.. 1 r - ~ks., _ .. La tlJ - La~bJ•..v L C _ t
.., .,

[ 1 r -b·~'1 r"'l l~l.l.a:JlYJ ::: ,.at- J -- L ..•.r .......J
1.- c

[x\,yJ::: [a1\1/J :::[arbJl~l = ckl in=: C

r» \--'.j!' •.

_" b
ll mod (J()P so



since

Hence k - kt and

..

by Theorem 1,,)

.~1t
b < t E. G2~ and by

'I'heor-em t 10 8., Thus 1 ::: l' and

Sf) m ::::; lz:

ill [SztJC :::

r 1«( ~k \ t1- La a S} , 'J

r .;:,k~tJ.- L 00,

[ llC-- ,.,t .c
", t ".J

== ( 1)~k,c ,
11;;:

== c

/1

since "'_ cl.

UH~ fOTrrl'u.la U

Pr-o o o sL't Lon 6~,-.J """'~~'.'Il.OO_' __ i :f:f 1~,{-,]., :-~rn Ii)

Proof ITI~ediate, since c has infinite order. II



-,-20-

Let N(a ,b , c ; w) 'be the f ormuLa
~

J. -s '~, 11 'U..J L"I , ''-< 9 1 ~ '7) . I,
-'- - J ":t

3 Y1fV2'~v3~Vll (pO~in(C~U1) &. POW:n(C'U2) 8{ pm¥n(c'~u3) &

POWn(C;Ul1) & Prod{a,b; U1~U1t'1) & Prod(ayb; U2,u2~""{r2) &

Prod(a~:b; 113tU31iv::) &. Prod(a~b; U.li~UJ±~V;) & 1-1 =: Vi " V2 " V3 6 V4
(':"POl:7 {(' 'p)). Il-:..I'~ ~ ~

Pronosit:ion 7
t.~_"'~~ - "

k,- c for s one

Proof 'I'h.is follow's from a famous theorem of Lagrange

that an :integer is nonnegative iff it is the sum of ::four
squarest;> II

Lemma ,8 A...'1Y atomic formula in the language of the

of the form
is equ Lva.Lerrt to a formulanatural numbers (i~e.,

(£1 & ,,€>.,' & E1) where each

E. has:1 the form t--j.•..

"I.-

',':i o:r
Pr oof By- Lnduc t Lon on the number of oc cur-r-coc es of

.'f-- an..d .i in the atomic! fOX':JJ11l1 a~ which must be of the

several Gases to consider, but a

P .13
"'-'-"2~l . - Qf then this is equ i..vaI 811't to

(x .- P 8: Y ::;: P & '7 ;:::: Q c. x+y - z)1. 2 "-"
<.:<

and. each conjunct corrtaf ns f ewer occurrences of -I- and •.

than
Define a map * as follows. Let 0* be 1 and 1* be c.

Suppose is
of -f- * -~~1' -- t2+;- ,. If T;'<.iJ.

1.

is t ,. t') --1. ;... let ~ n ) '.( b • i: °x- .~ "'(- t ~'*Iue .<rcu.B.,,' ~ '''>,1 fV9 ~.'~ I.i
J. '. J



By induction on f'oz-nrul as r can be de f Lued on any"

.rcrmuta B1. the language of the nat.ur-at numbe.rs , If A is

atomic ~ by Lemma 7 ~ A is equ.i.va.I errt to a formula of tre

Let A* be

Also, let

)& E•* & & D *)uk 1 ~ ID t) (. "["1' .•

(A '.j B)<* be A* V B*~ and let

1<'T -
n

("U·'" .)\..\ / 1

Pr-oof From pr evIous results ~ it Ls dear that for

a closed formula .A~ °rl FA i:ff G'F k~:(a~·btc)

iff G F 3 a"3 1) 3 c

iff

This reduction is obviously effective. II
S:i:ace axfomat tz ed , it is

is tJlt~ same as

Since T has the j oi rrt elilb*-~dding pr oper t.y , it isn
has a count ant e existent :ially

universal 1"..'structure. then T• 11. Ls a On the other

mortcLs {)1: f then

s econd order rmmber the or-y Ln these exf.st errt Latty urri.ver s a.I
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