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§0 Introduction

This paper 1is concerned with nilpotent groups of
class ¢ n for some fixed n 7 2. In particular, we investigate
the generic models that arise from finite and infinite forcing.

The npotation used is taken from Shoenfield and Hirschfeid
& Wheeler, 1In addition, the usual group theoxretical con-
ventions will be made, such as writing exponents for repeated
muitiplication. Also, it is assumed that no wvariables becone
bound in substitution.

The chief vesulis of this paper are that finitely generic
nilpotent groups are periocdic, and that the theory of first
order number theory is Turing reducible to infinite forcing

companion for nilpotent growms of class < n (for n 7 2).

L

These results are not the best possible, as discussed in & 3
( SN 3 i el = - - " fal .. - ol
and <4, Many of the ildeas come from Saracino, who shows the

following resulis:

(1) There is a periodic fimitely generic nilpotent group
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no model companion,
I wish to thaunk Saracino for sending me reprints and

Charles F. Miller, my adviser, for suggesting the topic and

making several helpful suggestions.
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ipotent Groups
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Let L. be the language with symbols 1.

3 ©

. S o i . w1
the cosmmmtator [a.b] be an abbreviation for a~~* b" "¢ a « b,
Iterated commutators [Xi, ceey X ] are defined by induction
on m:
[x,]
~ 1 - 7 -
[Xis cess Am-ﬁ-i" [[Xiv sves Kol ‘imégij
Let T (n 2 1) be the (first-order) theory wW th langunage L
and axioms:
% e 1 = x
-1
X ¢ X = 1
key)ez=x+(y -+ z)
[Xi’°°§9 Xn+1] 4
The modeis of Tn are called nilpotent groups of class < n.
The direct product of wmodels of T ~is a model of Tn, so Tn
nas the joint embedding property.
Let & be a nilpotent group of claess n. The lowr central
A <D BN
series of G is defined as follows:
Kk [ o Fo ab s \
G = LGS % i & ?J] N EG;"I?S}
i g - i
i.e., G is the subgroup of 6 generated by 7§X1« - 9Xk] i
: RS !

o+ i
& I=:%8.; »
~k+1 23 ree 9%p 1eqd
a group,
Lemma 1 If a € G, , lhen
T Y I sk SR i 59
&1 1
P - r -3 E - rxr .
[j’\‘a’ Vs ”;'4. ¢ eee 3 z"’:m}:.t.'i" = L&y Zl’ waw gib
1=~ T 287 v -3 — B - 3 "= R o o =
FProof 1In other words, if m = n-k+1, this says that if
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and x, ¥,

Then b € G

Thus
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Theorem 2

st oy At i

. k . o
(i) G~ and G, are normal sub

i groups of &
EXS
(i) e =6t2 62 ... 2 ™ = § 4]
(iv) 6°< 6
(v ¢ = Z{G), the center-of G
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Immediate, exc
To show
series celincides

K=1,2, cos ¢

x & G iff
ifd
iff

pode
bly by
i":&

This last line
Let y= be
identities are

Theorem 3

(i) [Y%Xj

(i1) [=v

(1i1) [=y,

- . . , . 7
ept for (v11), which is postpened to Theoream 7(iv). /}

3 £

that the above definition of the upper ceniral

s with the usual one, note that for any X € &,

\\:/ Zi s S0 & ¥ Z]_’l“"k"!‘i [XQ Zj. ¢ soO6& 39 Z’?m}_{.}.i] % -] 1 .
V’zi [X}Zi] & Gyq ‘

V 21 Xz, = zix moduio Gkui

g € 2(G6/6 )

is the usual definition.
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. -1 o o
defined as x "yx. The following easily ver

extremely useful.

4= [39YJ = [X gy}v
]Z -

[

2] = [szjy{y,z} = [Xﬁglixfzﬁy} V2§
[
|5

N
Lot
il

(+) [m“%zﬁ’{y x) e, x v =
Theorem & 1If a & Gir and 3T D245 oo ok & G5 then
[aﬁb; Zig s 60 97-).31”} = [aszi? eco ‘zzn_,k]['b?ziﬁ oee ’Zn_},]
Proof f m = n-K, the theorem can he restated as:
if a & G, then

e 2l = loezy, oo @ Jbez, oo 2 ]

induction on m, If{ m = 0, this is trivial,

it dis true for m and thalt a & G "
ne{m+1)" i1

& G,



e 25 on

L=t
r'r ""“1 3 -
¢ = L‘_apzij iD]
S0 ¢ &£ Fn_{+, and
bmi[aszfj = c{agzﬁ]n 1
then
Laﬁs“"’i eed 9 m_{_i.x [[a’ﬂ :‘51]?“?? s e e 9Zn1+1]
= [(bmi[aﬁzi]h[b?zil),zgﬁ ci® *Zm+1} by Theorem 3
= [(C[a, Jb bi_b 21]) 529 &&9??5\'“‘1]
= [(["‘19‘21}[}3921]);223 © & @ 5'Zm+1:t ‘by' Lgﬁlma i

il

(2,200 coe 92,4 1[Ds2y, cco 52 4] by induction
hypothesis

because [agzi] & Gnmm* This completes the induction, /7

Corollary 5 If a € G, and m€Z, then

[am " - 1 = [a,z,, Y. ]
s ig P .(...Jnmk g"—'i} & ¢ @ Z nﬁk..

Corollary 6
‘r rr m!m - rr” —,;{:ir
L«u»{s ¢ 6 os f-:ri,j = LL"""};’? e ooy é:i’jlgz}_{&"i? ew ey 5,1]
et A, B, and C be normal subgroups of G. Let [A,B,C]
: ¢ - , g
be the group generated by §La3b?3js ac A, e B, ¢c £€C %a
! k
1X FoX X X4 3
For any x G, la,b,c] = [a", b, ¢ ], so [A,B,0.] is normal
}i*i {;".



Proof Part (1) follows from the identityv
. S . 1
. i 8 4 ] dta.bi
la;b,c] o= [tasﬂj 5 ’[ ’

and the faet that for subgroups K and N, with N unormal,

[

KN = NK is the group generated by KUN, Part (i) follows

from Theorem 3{V) and similar reasoning. For part (iv),.

.

it is clear that [A,B,C] € [[A,B],C]. The reverse inclusion

follows from part (1 and the identity
Part (v) is similar. //
Theoren 8
N K A
(i) le anmk+i}

(ii) [Gﬁgenmk,G]

i1
b

Proof Both parts can be proved simultanecusly, by
k - r )
induction on k. If k =1, {G,G_ we1d = (G,2(G)] = 1 and
b B 4 G -
(e, .,6] = [6,6 .,6] =[G _.,6,6] = 1, Suppose th
¥ s U e T T T s 04 T LY TVl T L DPPOs tae
theorem is true for k. Then
kil . P i
0 Io. i - [ Gx ~7 5
[G’ s Inak - R AP E AT
i ‘zI ~ o
= L6766y
~ o i
- o~ C {1.{_ r J 4] I
- g o Ui Lr X
- l_ ¥ Tl 357 .—i[. y}e’}{\ b .j
kar -k -
= o GGG [
[ U“kr(fs' !_U °ank?u.i
iy
= fi(fpuksdGJfG B
. k
e e G
= L geeq eV
= 4
; 1 S Iior k
Also G G . ,HG—I < b Lo, GGG
i { g i A L e g8 0 iy 5
- 1-
= I'fe 2T e e ol ]
= ‘.i‘-—‘«}"ks(a};i iy sy, el
1 T
< [ Ghe e, ]
o T nelned ? e P inmlr-
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~2 Dxistentially Complete Nilpotent Groups

For this section, 1et G be an existentially compleie
nipotent group of class n, Let Inf‘(b) be the formula

g e
(1 4 x< n) Vy(Vx([x,y] = 1) —> 7 Zis ese

n-kK
(‘Y = [“; Zis wevw ‘"’anli}))"

Theorem 1 If b & Gy, then b has infinite order modddo
G iff G = Inf, (b).

Proodl Suppose b & Gk has infinite order modulo G} g

Let

B, = 0/E"

Note that any map from %Xif vee 3X kg to G extends to a

homomorphism froem H to G, This homomoxrphism is the identity

el P I I
on H , So it induces a homomorphism from ﬁL to G. By con-
sidering the homomorphism delermined by X v+ 1, we see that

P+ = 5 ) .
GV HEHT = {1? . Thus G can he considered a subgroup of L.

, s TN
a &€ G/ \( <uvr [1’35:{; 3 eec 5\\1,1_.}—,! />
in O ere y € Z(G). Note that [b,x;, ... X, 1) € 2(6).
For seme m € /7,
*_"‘nz - - '}‘?}\
a = 3 lbs}5~1gg cee **ﬁ“"}_{"‘ & G

Since the map x. t—r 1 induces the identity homoemorphism on G,

‘*ll

i = (B,2, wee ,171%

i
= Y
Thus
q
b,x,, ; < o= 4
[Pyxs v wxp g
[ -
oY [bB, x, x b= 1
H L b x =
1y eoe 4 Ilw}.i‘i
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ww 3 -
{E 4z a =
H S ( [G,Zi
. . 4 o
Since b is an (n-1)~-fold commutbator,

bt

(%

'

Vog e oz,
But G is existentially compleie, so
6k Args ven azy

and thus a 1s an n-fold commutator, /?

-

1)

a

1

=~

N

[

o~

oo sz

Provosition 3 Z(G) is an existentially complete

abelian roud.

Zys wee szn])

Proof It is mnecessary to show that Z2(G) is divisible,

and contains infinitely many elements of all orders,

show that Z(G) has an element of order m, let H be a nilpotent

To

group of class n which contains an n-fold commumtator of order m.

Then
x H Fii} Kys ees X
& Dxps e o, 1°
[Xig e s}::ﬁ}!?}*-i
so & also contains such an element. To

e

5

how divisi

suppose a € %{G) has infinite order, Let H be the

£

- e s oz ) ’ ~ oy
product of G with £, with {a) amalgama
3 m
Hi dx (x" = a)
s¢ G also has mth roots of a, for all m,
order, the procf is similar, /7
e ~ % &
I£ 1 € k< n, let Pow, (b,c) be
‘ A
W i
N . H _—
Vo s eee s En kg (Le,x
5. :
& (Lbs ‘*«5 ¥ oceoe *3\}1@.-7\?—’
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Avs eee sy, a7z (0= lyys wen Ly ] & Povy(yy,2)

L .

This definition is motivated by the following theorem:

Theorem & If b € G, ¢ € G then G F Pow, (b,c) iff there

. . ; s -
is an integey m such that ¢ = b7 modulo G“‘i“
T o

<

Proof Considexr first the case where 1 £ k < n. Suppose

311 .
- Hus i — - .
c = b modulo Ck+1“ For any Xys wee 3%, qe0q € G,
I i m T =Tl ~r - B
[C?Xis veeo ’A“ﬂmkv-lj = |b ('3 C)s"*i? esc ’Anwk-}ij

-L 1
ij :'Xis see X

il
jas

- Ty, =Tl
[e,x, ., 5 | = [p7(3 Te),x T
- S [ A S <1 ¢

R ¢ ]

FOLR Xyr een 3y p

R . 1

RS TR TR NS

= 4

Conversely, suppose G & Pow, (b,c) and for each integer m,

FAN

Nt

¢ £ b modulo G,_ ,, let 1 be the least positive integer such

e = A A et o E Rl e b s v paoaepd pama 3 £
Let a be an element of the center or order 1. If 1 = 4 W

are done; if neo such 1 exisis, let a £ Z{G) be any element

other than 1. Let <fuig ese s, 7 Dbe the free group on
~ 3 FES el
Hys coe sBy g Let
i, = G % 1 . b
Hy G < I A s SO |

ke . o d 1_ N
7 e h o f.a [ 1 s
X R [k,;axi, cee s, o 158 Cellyy seo wnsiin_J/z <.



w3 Do

Suppose

Since K is central in H, there avre integers <X , B such that

&

< . 0.4 o -
X o= [Py, eee s 1 a P ey, eee o ]
¥ n~-k b ek

The homomorphism determined by u.b— 1 is the identilty on G, so

-p JF

24
. &
X = [byiyy eoo 3“;1;;;;] a” " [eyuy,y eee yu o
1
ol

- mj§ ¥
o= Lh,uig €6 e f’uﬂmk [Qﬁi’*j_ﬁ “e5 ?uﬂmk:}

= g~ F [D% 00y cos ,aﬂmk][ci Wy ees sl ]

- o~ [7 ef juye eeo yuy, o]

- . n -
= a {g[bv‘ c! 319 ess S'i_i
w B

4

- Ly

=

1 = 4. By the howomorphism determined

By

i
e

Thus | b cf sUgs soo Sl o

by ui'gwa g. € &, we have B° c(° & G*:ﬁ»i“ It felliows that 1

i i
.. R o [2 . — ~ - < "2 ~ -
divides P, so x = a” ! =1, Hemce G\ K = 11§ and G can be
considered to be embedded in H/X., Since
ke T - .
¥ i g P ] Ty g 23
/K F A Ui see yM (E.”@’«*—is@ eee gyt —1 =1 & [e, Uys eooyly v
3
£ 1)
it Tolleows that /
.3“ : {-}» 1 e 4 ras l' 40
G & Ujs eee M, o \L”’S"}‘i? oee 5“11.,},;_}”‘ 1 & [bzuis o gnml\} i
which contradicts G F Pow, {b,c}.
i R % 3~ - - T o iy m
For the case whpxye ¥ = n, suppose b & Z{G) and ¢ =%
By Theorem 2, for some ¥,, eee ¥, € G b = ¥4,y e gy:ﬁ]@ I
e , e ,
Z =¥y then we clearviy have G| P sfi{}rigz) anpd
L
¢ = b
I N £
=LY eee Yl
S N - v 7
T LJq sdor eee sl
= {/ o r
- §J 0¥ © e e ?vx-i.l

. Yo o . FEY 1.0 i/
Conversely, suppose G P O“F(b? ), Then for some mé& /,
A

a_ ¢ G, 4 € G, woe have
i1 g = .



— I
b = [ai? eve sa ]
= 1 e -
¢ = [ ad, a5, oo 42, ]

¢ = [ai 995 ece “an}
= [aiz vos ?an}m
=" //

i

4%

ote that Pow (hﬁb tor k < n does not

¢ being a power of b, since we could have G [& Pow,
E:S
without b necessarily commuiing with ¢, Let Divi{u,v) be

formula

\_‘i

——)Xj.s’ 6o é‘Xﬂ gy vy Z (u = [Xis 6 e ,f‘.\:ﬂ] & v = {Xi
% ({?Owﬂwi{[xi” eee 9%y 1]92> & [z,v] = 1)—

If u,v € %(G) hav

(‘D

Theorem 5

iff the order of w divides the

Proocf Let k be the order of u and 1st 1 be the oxde
v. Lei H be a nilpotent group of class n with an {(n-1)-%
‘ F gy Pt d e madir T3
ot tor [ag, coe 43, .1 of infin® e order modulo Z{H).
R S

gstential of ¢ x H, Then

23

RN

ok
£y
]

- s )
lz,x_|

E: e
Let

- 7
ol |
n-1-

" v v (17 AT o - o
hag iafi order to Z{K). Also u,v (X), e u
3
- 3 3 g ¥ - N S xpmpy O n Vi P
and v are both n-fold commutators by Theorem 2. Thus X j
8 s |
nt { b i e P e = 3 - -
tnf . {la,, «u. ;a_, 1}, so foxr some u,, v, € G
ae=t = Nt - i i & ‘
= [ay, eee s u, ]
i n-1%71-
PR e}
v = !‘ﬁ & & o 5 & 4 e ¥
e I 7 ne-1% 744
-3 ¥
and b
L -
1= [o]
SO XK ¢ Y = 7 ;| = ~r B w5 e o
: i e wee 0}\21 .j Y (~J‘ L 44 ees 3 [ LS s e
t ] —
G = A o I s { — w 1 e
T Voo & e & g =) iy = P ol & v o=
¥ 5 # ? 0 A ¢ vy -
% % -]
t_mx.i‘ o [N 5 = ?‘%'—m'{, ?} ,.’}
] e
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L 1. 7, o

pose k divides 1. Let Xys ece ixnﬁy‘be elements of

& such that

ot
il
=1
i
o
L
(1)
&
[
§
Y
w
~

For any z € G, if [z,y] = 1 and
| mod Z{G)
then

. . }m

!.X19 veo X 4eY
C[lxy, cen o
- {2,y
= 1

i
Thus 1im aad

= 0
“ ?‘{’ 13! >
- - g i ] ~e el al =
But Ky , 80 u = 1, Thexrefore,
% Ay
G = Divin,v)
i ¥ .
e gy P e s i - E ~r gy 2ig
Conversely, suppose &= Diviu,v). Let Eis ece Xy ¥V € G

he such that v = [ X, wes X 1, vV = [:i” cec X ,i,,,y]g and

in



B

1= {z,% ]
- . . 11
= t ’L_—iig @ e e ¢ it 4 xxn_}
7
=[x x 1=
Deaw  © 2o
L 14 CRCE T

fond

and thus k divides 1. //
) . t v
Let Perieak be the formula \;u ((k/zi, soe 32, 4.4
Iy fred — ey £y \
(152, oo ?“nmk+i] = 1) 71 Inf (u)).
is periodic,

YT ,“: (3 \:—T ES) ?‘_.-‘ R /
Proppsition 6 G | 1emi0dk iff GK’GK+1

Proof The formila Periodk is eguivalent to
kfu (v € Gy > ngk(u))
1 €

The result follows from Theorem 1, [/
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iy Generic Nilpotent Groups

et

Ye consider fTinite forcing for the theory of nilpotent
groups of c¢lass n in this section,

Lemma 1 If p is a finite condition, then p has =z

Proof Let Ciﬁ oo ng be the comstants occurring ir

]

pw
Yo

@ &

in p Let G be a nodel of Tn\J p, and let H be the subgro:

of G generated by gcig “on ﬁcm% R By a theovem of P, Halil,

finitely gemnerated nilpotenl groups are residually finite, it

follows that H has a finite guotient group that satifies p., //
Propesition 2 There exists a periedic Tinitely zeneric

.
Proof Let C = Q‘Cv,ﬂ4gct, cee 3 be a countable set of

r;wm £ 0?\..1. e
constant of constant symbols, and let Ai,én? ees D& an

- £ R Py
Aﬂ( 1, Tor soums model of
2a
fo k3 -F Al 3 T 1 AR
crder m, Let C,, cc0 5§P include the symbols occurring
1. 5

m 7
1 ST | L
8 ® € € & 3 - i
¥ i ;
. i . s
of order m, This




and some condition p,

F DUU W A - 1 % . - 1 =
PUT V Xy wea 5%, 7 Vo5 eoe 3¥, 1Xgy eoee 53X, 1 =
[viy?ﬂ;rgg BB 9 s}r.{l]
By lemma 1, thewe is anm > 0 such that
;S A m| 7
o= poy lﬁ = 1
Y0 * (71 3
is & condition, Let dig PPN ?dn be new constants, and lei
P, = DA U ifd ves AT 1] . Then there is an exlension
1 =0 A S A < 3 B - '
Py 2 Py such that for some constants C,, ... gcn,
e E

which is a contradiction, !/

Theorem 4 If G is a fTinitely gemeric nilpotent group

%1

of class n, G is periodic,
Proof Lel H be the periodic group of Theorem 2, Since
- . £ .
T _has the joint embedding property, T is c¢omplete, 80 &
. is pericdic for 1 £ k < n,

By Proposition 2,6, HF Peried,, so G{ Peried,, By Propo-




-

i
[ p]
Sy
[*p]
jode
w

Jext ow that Z{G) = G neriodi
Next we show that Z{G) l Fnied periodic, If

a ¢ Z{G), then by Proposition 2.2, a is of the form

[alg oce san]e Since Gnmi/Gn is periodiec, there is anm > 0

44

) - am < %, m o
such that [ai§ cee s 4] € G = 2(G)., Thus a = lays oo 5an]

[{aiy ces 32 11man1 =1 so a bas finite order,
Suppose C € &G, By indunection on k, we will show that
for each k there is an m > O such that ¢" & 6. Tf k = 1,
we can let m = 1, If ¢U¢ Gy (m » 0)
is pericdic, there is an m' > O such that (c™

it
('}
('\
¢

This completes the imnduction, so there is an m > 0 such that

{11 . Thus G is periediec, //
that T~ is in fact Turing eguivalent to Th{l), for an > 1,
Lerpret a positive integer w as an

o ~ Pred POt - 5. - P o
glements of the center that have order

the same

,».»L
ol
s
=
<
e

)

o P T 1, ey ey ey S Al we E
inson has snown that addition and mul

in bterms of divisinable in terms of

i o wn ol e PR S R LT s o o . T . . b O LT &
successor fanetion, but the auvthor bas been unablie o define
&

s . Ny - TR
THe SUCCcesSsSor 1Uneiioii.



this section, let & be an infinitely generic unil~

b

potent group of class n,

Proposition 1 G i:xi, cee X Infy{[xy, oo0 s %, 1)

Proof Since Tn has the joint embedding property, T

is compleie, so we may take G to be existentially universal,

! ¢ 7 g : o ° i :

1 =3 e v -+ b, -l - o
The existential type ‘I‘iAk+1§ see $X, g ({ki, 6o ,An] # 1)\
m= 1,2,3, egﬁg is consistent, because it is satisfied by

any nilpotent group of class n haviag an n~fold commutator

of infinite order, By Covrollary 1.6 and Theorem 2.1, an

existentially complete nilpotent group satisfies 3 Xys see 35
Infi\.( } iff it satisfies the abhove existential

a
f i -
[Xfa ces X, 41 & Inf_ .{a) & b’y (Pow__,(a,y)—> v w(ly,z] = 1)

n-1 a1 11

s TEEPIR 3o . b . . Y et ' -
vV lv,bl # 1}, For the rest of this seciion, let a,b, and ¢

so Z{G) has an element ¢ of infinite order, By Theorem 2.1,

it
3
@
el
[N
4
i
9]
xﬁ‘)
o
b
[
u-J
i
—~—
v}
R
"
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Let N{a,b,c; w) be the formula :i g2Vortsyty

3 VisVosVrsV (?91 49u1) & Pow

3
Pow, { ) & P rod{a, b; y,u,%) & Prad{a§h; Vsl V) &

T

Prod{a,b; uBQMEgvs) & Prod{a,b; WUV} & WomEv, e ¥

& Pov_{c,w))

i1

Provosition 7 & F N{a,b,c; w) iff w = ck for sane

Proof This follows from a famous theorem of Lagrange

that an integer is monmegative i{f it is the sum of four

Lemma 8 Any atomic formula in the language of the

n
< 0 i 7 ) A 3 %
70 4,08 is eguivalent to a formula

natural numbers (i.e, 3 i
of the form —. ui, ece guk (El & coe & El) where each

Ei has the form t, = %5, ty+l, = 1, , or ti e t2 = ?SQnd

each t, is 0,1, or a variable,
Proof By imduction on the nuamber of cccurrences of

24 < ¥
2
and each conjuuct comiains fewer occeurremces 0f + and -
than P.+P, = {Q,
i 72
EE s . 26 o LA A €& . e T
Define o map % as follows, Let 0¥ e 1 and 1% be c.
[t x is a variable, let X% be x, Suppose E, is of the form
e
e T | ; = Tat T % he + % = 4 # £ R
o7 7. If B, is by = tgy beb E.% be t,% = 4% I8 N
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